ULRICH IDEALS IN THE RING k[[*, t'!]]

NAOKI ENDO, SHIRO GOTO, SHIN-ICHIRO TAI, AND NAOYUKI MATSUOKA

ABSTRACT. The Ulrich ideals in the semigroup rings k[[t°,t'1]] and k[[t°,t%,t°]] are
determined, by describing the normal forms of systems of generators, where k[[t]] denotes
the formal power series ring over a field k.

1. INTRODUCTION

This research is one of the attempts of determining the Ulrich ideals in the semigroup
rings of numerical semigroups, and the present one is a succession of [[], where the authors
started a systematic study of the ubiquity of Ulrich ideals inside semigroup rings. They
succeeded in providing the normal forms of systems of generators of the Ulrich ideals,
particularly in the case where the multiplicity of the semigroups is at most three. They
pinpointed also the set AXjys s of Ulrich ideals in the ring k[[H]] = K[[¢t*,¢"]], the
semigroup ring of the numerical semigroup H = (4, 13) generated by 4,13, where k[[t]]
denotes the formal power series ring over a field k. The accurate arguments in [II] have
brought a new point of view, not only to the study of Ulrich ideals but also to further
problems about numerical semigroups. The present purpose is, based on the technique
developed by [1], to explore mainly the case of k[[t, ¢!]], which has been predicted in [I]
but left for another occasion.

2. BRIEF REVIEW ON ULRICH IDEALS AND PRELIMINARIES

The notion of Ulrich ideal is one of the modifications of stable maximal ideal introduced
in 1971 by J. Lipman [{]. The present modification was formulated by [4] in 2014.

Let (A, m) be a Cohen-Macaulay local ring with dim A = d > 0, and I an m-primary
ideal of A. We throughout assume that I contains a parameter ideal () of A as a reduction.

Definition 2.1. ([4, Definition 1.1]) We say that I is an Ulrich ideal of A, if the following
conditions are satisfied.

(1) 1#Q. 12 = QL and
(2) I/I? is a free A/I-module.

Notice that Condition (1) of Definition 271 is satisfied if and only if the associated graded
ring gry(A) = @,5,I"/1"*" is a Cohen-Macaulay ring with a(gr;(A)) = 1 — d, where
a(gr;(A)) denotes the a-invariant of gr;(A) ([6, Definition 3.1.4]). Therefore, Condition
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(1) is independent of the choice of reductions @ of I. When I = m, Condition (2) is
automatically satisfied, while Condition (1) is equivalent to saying that A is not regular
but of minimal multiplicity.

Let I be an m-primary ideal of A and assume that [? = QI. Then, since Q/QI is a
free A/I-module of rank d, the exact sequence

0—=Q/QI = 1/I* -1/Q—0

of A/I-modules shows that /1% is a free A/I-module if and only if so is 1/Q. Therefore,
provided I is minimally generated by d + 1 elements, the latter condition is equivalent to
saying that [/Q = A/I as an A/I-module. If I is an Ulrich ideal, then by [4, &] we get
the equality
(na(l) = d) -x(A/I) = r(A),

where p14(I) (resp. r(x)) denotes the number of generators of I (resp. the Cohen-Macaulay
type). Therefore, d +1 < pua(l) < d+r(A), so that when A is a Gorenstein ring, every
Ulrich ideal I is generated by d + 1 elements (if it exists). As is shown in [4, 5], all
the Ulrich ideals with pa(/) = d + 1 possess finite G-dimension, and their minimal free
resolutions have a restricted form, so that they are eventually periodic of period one.

For instance, assume that dim A = 1 and let I be an Ulrich ideal of A. Therefore, I is
an m-primary ideal of A, and I? = al for some a € I, such that I # (a) but I/(a) is a
free A/I-module. Assume that I is minimally generated by two elements, say I = (a,b)
with b € I, and write b* = ac for some ¢ € I. We then have, since I/(a) = A/I, that
(a) :4 b= 1I, and the minimal free resolution of I has the following form

) L)
a b a b a b
e — AGBQ — AEBQ N A@2 (_>)
([@, Example 7.3]). In particular, I is a totally reflexive A-module, that is I is a reflexive
A-module, Exty (I, A) = (0), and Ext? (Homa(I, A), A) = (0) for all p > 0 (|8, Proposition
4.6]). We clearly have that I = .J, once Syz'y(I) = Syz’y(J) for some i > 0, provided I, .J
are Ulrich ideals of A.

It seems that behind the behavior of Ulrich ideals and their existence also, there is

hidden some ample information about the structure of the base rings. For example, if A
has finite Cohen-Macaulay representation type, then A contains only finitely many Ulrich

I —0

ideals ([4]). In a one-dimensional non-Gorenstein almost Gorenstein local ring, the only
possible Ulrich ideal is the maximal ideal ([8, Theorem 2.14]). In [3] the authors explored
the ubiquity of Ulrich ideals in a 2-AGL rings (one of the generalizations of Gorenstein
local rings of dimension one), and showed that the existence of two-generated Ulrich ideals
provides a rather strong restriction on the structure of the base local rings ([B, Theorem
4.7]). The motivation for our research comes from these observations.

Let us summarize a few results which we later need in this paper. Throughout, let
k be a field and let V' = k[[t]] denote the formal power series ring over k. Let A be a
k-subalgebra of V. Then, following [2], we say that A is a core of V', if t°V C A for
some ¢ > 0. The semigroup rings k[[H]] = k[[t* | 1 < i < /]] of numerical semigroups
H = (ay,aq,...,ay) are typical examples of cores of V. If I is an Ulrich ideal in the
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semigroup ring A of a numerical semigroup, the blowing-up ring A/ = UnsolI™ 1 1] of A
with respect to I is again a core of V', which is, however, not necessarily a semigroup ring
(see, e.g., Proposition 53). We would like to refer the readers to [8] for general results on
numerical semigroups.

Let I be a fixed two-generated Ulrich ideal of a core A of V. Let f,g € I such that
I =(f,g) and I? = fI. We consider the A-subalgebra

Al =17
n>0
of V', where the colon
I":1"={xeQA) | zI" CI1"}

is considered inside the quotient field of A. We then have A’ = I : I since I"*! = f"I for
alln >0, sothat Al = f'I = A+ A 4. We set

a=o(f), b=o(g), and c=c(H)

where ¢(H) denotes the conductor of H. Notice that a is an invariant of I, since IV =
fV =t*V. We set v(A) ={o(f) | f € A}, where o(*) denotes the valuation (or the order
function) of V. With this setting and notation, we have the following, which plays a key
role throughout this paper.

Lemma 2.2 ([0, Lemma 2.3, Theorem 2.7]). Let A be a core of V. = Ek[[t]] and let
H = wv(A). Let I be an Ulrich ideal in A and assume that I is minimally generated by
two elements. Then one can choose elements f,g € I so that the following conditions are
satisfied, where a = o(f), b=o0(g), c=c(H), andc=A: V.

(1) I=(f,g) and I* = fI.

(2) a,be H and 0 <a<b<a-+ec.

B)b—a¢g H,2b—a€ H, anda=2-04(A/I).

(4) ===V NACT andc C I.

(5) If a > ¢, then e(A) =2 and I = .

3. THE CASE WHERE H = (5,6,9)

Let us begin with the following.
Let H = (5,6,9)

10 (1111213 | 14

1516 | 17 | 18 | 19

and set A = k[[t5,t°¢°]]. Then, because A is a Gorenstein ring, every possible Ulrich
ideal must be two-generated and we have the following.
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Proposition 3.1. X, = {(t° + at'®t° + 8t1%) | a, B € k,28 = 0}. The elements o, € k
in the expression I = (t5 4+ at'® t° + Bt'0) are uniquely determined for each I € X4.

Proof. Let I € X4 and choose elements f, g € I so that all the conditions stated in Lemma
22 are satisfied. We maintain the notation given in Lemma P2, After some routine works,
similarly as in the proof of [, Example 2.8, Proposition 4.9 (1), (2)] we attain the unique
possible pair (a,b) = (6,9). We write

f=t"+ant’ + oot +ast! +aut +p, g =17+ Bt + fott + Bt 4

where oy, 3; € k and p,n € ¢ = t"*V. We then have after some elementary transform on
f, g that

T=(f,9) = (f,g) + ¢ = (5 + ant', £ 4+ Bit'0) 4 (£, ¢15,416 417 418)

(see the proof of [, Corollary 3.8]), which shows
I = (%4 aot', 1 + pit'?),

since pa(I) =2 and t° + B! & (10 + 10, 114 15 #16 ¢17 #1%) Thus we may assume
f=t"+at? g=1t"+pt"

where «, § € k. Let £ = 2. We then have

NS

E=+ptt—at’ —aftd + Pt 4.

Consequently

2
T =R op

where n € V with o(n) > 14. Since ? € I C Abut 13 € H, this implies 23 = 0.

Conversely, let f =t + at'?, g = t° + Bt!° where a, € k such that 23 = 0, and set
I = (f,g9). We must show that I € X4. Let L = v(I). Then, 14,15,16,17,18 € L, so
that ¢ = ¢V C I. Hence, the vanishing f =0, g = 0 mod [ forces the k-space A/I to be
spanned by the images of the monomials 1,#° ¢!° whence £4(A/I) < 3. Therefore, the
epimorphism

w: A/ = 1/(f), ¢(1l modI)=gmod]I

of A-modules is an isomorphism, since ¢4(A/(f)) = 6. Thus, A/I = I/(f) as an A-
module and the images of 1,¢>,¢'% form a k-basis of A/I. It now suffices to show 12 = fI.
To see it, notice that t'2 € I, since t0f = t'2 + at'® € I. Therefore
9 _ 12 00 14
= mod ¢V,
/
so that % € I, because t'4V C I and t*? € I. Hence, I? = fI, and I € X,.

Let us check the second assertion. Let f = t54+at'® g = t94-6t1% and f; = t94+-a4t'%, g, =
t? + B1t'° where a, 8, oy, B € k, and assume that I = (f, g) = (f1,1). Then, considering
f— fiand g — g1, we get (a — ay)t!?, (B — B1)t!Y € I. Therefore, a = oy and 8 = B,
because the images of 1,¢°,¢!% form a k-basis of A/I as we showed above. 0
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4. THE CASE WHERE H = (5,11) AND (a,b) = (10, 27)
Let H = (5,11)

10 (11 [ 12 | 13 | 14

1516 | 17| 18 | 19

20 | 21 | 22 | 23 | 24

25|26 | 27 | 28 | 29

30|31 (32|33 34

35136 | 37|38 39

40 | 41 | 42 | 43 | 44

and set A = k[[t5, t']]. We now want to determine all the Ulrich ideals in A. Let I € X4
and choose elements f,g € I so that the conditions stated in Lemma P2 are satisfied.
We maintain the notation given in Lemma 2. After some routine works, similarly as in
the proof of [, Example 2.8, Proposition 4.9 (1), (2)], we are able to restrict the possible
pairs (a,b) within

(10,16), (10,27), (20,26),

and eventually see the following.
Proposition 4.1. (a,b) # (10, 16).

Proof. Assume (a,b) = (10, 16) and consider the table:

a 10
b—a 6

b 16

2b —a 22
40— (b—a)| 34

We set J = (#3536 37 138). Then, J C I by Lemma P2 (4), since 40 — (b — a) = 34.
Therefore, some elementary transform on f, g similar to the one given in the proof of [,
Corollary 3.8] implies

I=(f,9)+J ="+ at" + ast® + ast™ 'S + Bi1t* + Bot*) + J
where o, 8; € k. Hence, we may assume that
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because pa(l) =2 and 6 ¢ H. Let us write
2

where v; € k and 0 € J. Then, since o(f) = 10 and o(g) = 16, we readily have
122 4B — 21 p ) € T
where v = 7. Therefore, t?2 € I, so that
T=(f,9,1%) = (1" + ant", £, ¢22) = ($10 4 a,t'1, ¢19),

since t'¢ & (' 4+ ;' ,¢*?). This enables us, from the beginning, to assume that f =
t19 + ottt and g = 1. Since 22 € I, we then have

with o,7 € A. Because 6,12 ¢ H, the element ;¢ is the only term that could possibly
appear in the right-hand side for ¢*2. Hence we get o101 = 1 (here 1 € k denotes the
coefficient of ¢! in ¢). Consequently, a; # 0, and therefore, the equation

implies 33 € fI + (¢%) = fI, whence 23 € H. This is impossible. O
Proposition 4.2. (1) If (a,b) = (10,27), then
I = (#° + at™ + aut'® + st ¢77)
for some a; € k such that ay # 0.
(2) If (a,b) = (20,26), then
and t* + et* € I for some a;, f;,€ € k.
Proof. (1) Since 40 — (b — a) = 23, we get (30,3132 33 %) C I, and we can assume
f=t"4+aqt" + aut'® + a3t and g =t*7
where o; € k. To show oy # 0, we assume «; = 0 and seek a contradiction. Since ¢33 € I,
we write
3 = (0 4 ant'® + ast*)p + 27
with ¢,1) € A. Then @5 = 0, where ¢; € k is the coefficient of ¢ in ¢. Since 6,17,23 ¢ H,
we see that the t3% term can be appeared only in ast?2p, whence ¢;; # 0. This makes
a contradiction, because the t?! term arising from ¢%p cannot be cancelled out by any
terms in aot®p, ast??p, and t*7¢). Hence ay # 0.
(2) We have (#3%,¢36 37 38 1) C I since ¢ — (b — a) = 34, while
32 et 4 eot® 4 gt et et Fpel
for some ¢; € k and p € t*V, since 2b — a = 32. Therefore, t3? + et33 € I for € = ¢,
whence we can choose f, g so that

where «;, 8 € k. O
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Proposition B2 (1) gives the normal form of systems of generators of Ulrich ideals I
possessing (a,b) = (10,27), as the following result shows.

Theorem 4.3. Let f = ' + a1ttt + apt!® + ast?? and g = t*7 with «; € k such that
a; #0. Then I = (f,g) is an Ulrich ideal of A. The elements {a; }i—1 23 in the expression
of I are uniquely determined by I.

Proof. We set I = (f,g) and L = v(I). Then, 40,41,42,43,44 € L. In fact, since
10,27 € L, we readily have 40,41, 42,43 € L. Since t32 = t°g, t3® = t!lg, and

we get t33+3—ft44 € I (remember a; # 0), so that 33 € L. Therefore, 40, 41,42, 43,44 € L,

which implies that ¢ = ¢V C I. Therefore, t3* € I. Since % € ¢ (notice that o(%) =

44 > c¢(H)), we have % € I, whence I? = fI. Hence, to see that I is an Ulrich ideal of
A, it suffices to show that I/(f) is a free A/I-module.

We now notice that k-space A/I is spanned by the images of the monomials {t9}
(0 < ¢ <38,q# 33). Among them, there are relations

9+ ottt + ant® + a3t =0 mod I and 2" =0 mod I

induced by the vanishing of f, g mod I, which implies that the k-space A/I is actually
spanned by the images of the following five monomials

1’ t5, tll, t16, t22

so that £4(A/I) <5, which is enough to guarantees that I/(f) is a free A/I-module. In
fact, the epimorphism

w: A/ = 1/(f), ¢(lmod I) =g mod I
of A-modules must be an isomorphism, since
Ca(L/(f)) = La(A/(f)) = La(A/T) =10 — La(A/T) > 5.
Thus, I is an Ulich ideal of A.

The second assertion follows from the fact that the images of 1,¢° ¢, ¢!6 ¢?2 form a
k-basis of A/I. O
5. THE CASE WHERE H = (5,11), (a,b) = (20,26), AND ch(k) = 2

We shall study the case where (a,b) = (20, 26). Our goal is the following.

Theorem 5.1. Let Y4 denote the set of Ulrich ideals of A which possess the data (a,b) =
(20,26). Then

Va = {({t* + 3et® + 27 + (27 — 55" )7 + 6t%, %0 + 2et°7 + 71%) | 6,6, 7 € k,e # 0} .
The elements 0,e, 7 € k in the expression of I € Y4 are uniquely determined for each I.

Let us begin with the following.
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Lemma 5.2. Let o, 3,7,6,e,7 € k and assume that € # a, 3 # 0, and B # (o —¢). Let
[ =1+ at? + B2 + t* 4 5t3 and g = 15 + et* + 7133, We set [ = (f,g). Then the
following assertions hold true.

(1) ¢ =tV C T and A/TI = 1/(f) as an A-module.
(2) I is an Ulrich ideal of A if and only if g*> € f1.

Proof. We set L = v(I). First of all, we will show that 45,46,47,48,49 € L. It suffices to
see 38 € L, since 45,46,47 € L. Consider

tf = % 4 ot 4 pt* 4t 4 5t
g = % 4 &t 4 1t
thg = 5 4 &t + "
and we have
(¥) g —tf=(c—a)t T =B 4 (r — ¥ -t 1
so that
(k%) (e—a)t'lg— (09 —t"°f) = (c(e —a) + B)t*®* + (v —T)t*P + T(e —a)t" + 0t" € I.
Consequently, 38 € L, since e(¢ — a) + 3 # 0. Hence, 45,46,47,48,49 € L, and t¥V C I.
We now notice that
(kxxl)  °F = P+t 4 B + "7 4 617
(k5 x2) 1% = 114 e 4yt

Then, since
(le—a)+ P+ (y =TIt +1(e —a)t® + 6t € 1
by (xx), we have (e(e — a) + B8)t*® € I, so that t*3 € I. Consequently, since
Pt -t = (e —a)t? = BB + (1 — ¥ =5t e ]
by (), we get
(e —a)t*? e,
whence t*2 € I. Therefore t41,t10 € I by (* * x2) and (* * x1). Similarly, considering
t22f — 164, we have
(e —a)t® — pt* eI,
so that t# € I. Therefore, we have ¢ = ¢V C I. On the other hand, t3® € I by (*x),

whence we get t37 € I, considering t''g. Hence t36,¢3° € I, which come from the fact
t6f 15 f € I. Therefore,

which guarantees that the k-space A/I is spanned by the images of the monomials

]_7 t57 2(/_107 tll, t15, t16, t20, t21, t22, t257 t26, t27, t307 25317 t32, t33
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0O 1(2|3]4

216|789

10 (11 [ 12 | 13 | 14

15 (16 | 17| 18 | 19

20 | 21 | 22 | 23 | 24

25| 26 | 27 | 28 | 29

30|31 (32|33 34

and among them we have the relations
f=0t%f=0, t°% =0 ¢g=0, t°%9 =0 mod I,

so that A/I is actually spanned by the images of the following eleven monomials
1 45 410 1 415 416 421 422 427 432 433

We however one more relation
tog —t"f=(e— )t — Bt* =0 mod I,

so that £4(A/I) < 10. Therefore, because £4(A/(f)) = 20, the epimorphim
w: AT —=1/(f), ¢(1modI)=gmod I

of A-modules is an isomorphism, and thus, A/I = I/(f) as an A-module.
The second assertion is clear, since (f) is a reduction of I (notice that IV = fV). O

Let I be an Ulrich ideal of A = E[[t°,t!!]] and suppose that (a,b) = (20,26). Thanks
to Proposition B2 (2), we may assume that

f=t2+at® + Bt2 + 4t + 6t% and g =¥ + et* + 7%

for some «, 3,7, 9,e,7 € k, where we shall fix the present notation which is different from
the notation used in Proposition B2 (2), in order to avoid possible confusion about the
indices. We set { = ¢, B = AT and H, = v(B). Then o(§) = 6, B = k[[t5,t',£]], and
B = f~'I = A+ A¢. The numerical semigroup H, is symmetric, since B is a Gorenstein
ring. Notice that £ € mB but £ € mB ([, Lemma 3.2]), where m denotes the maximal
ideal of A.

We then have the following.

Proposition 5.3. H, = (5,6), B = k[[t*,¢]], and t® & B. In particular, B is not the
semigroup ring for any numerical semigroup.

Proof. Since mgV = t°V, we have (5,6) C H; C (5,6,7,8,9), and m% = t>mp, where mp
denotes the maximal ideal of B. Hence, 7,8,9 ¢ H;. In fact, let ¢ € {7,8,9} and assume
q € Hy. Choose an element n € B so that o(n) = ¢. We then have n = t°p + t'') + &p
for some ¢, 1, p € B, where ¢, p € mp because o(n) = ¢ > 7. Hence, o(t>¢) > 10 and
o(€p) > 11, which forces ¢ = o(n) > 10. This is absurd. Thus, 7,8,9 ¢ H;.
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Since €2 € mB, we have
& =10+ 1% = t°(p + 1°)

with ¢, € B. Hence, if t® € B, then o(¢ + %)) = 7, so that 7 € Hy, which is impossible.
Hence t® ¢ B, and B is not the semigroup ring for any numerical semigroup.

We set C = K[[t?,€]]. Then C C B and (5,6) C v(C). Therefore, to see C' = B, it
suffices to show H; = (5, 6).

(5,6):

10 (11 [ 12 | 13 | 14

15116 | 17 | 18 | 19

2021|2223 |24

Assume that H; 2 (5,6). Then, 19 € Hy, since the C-submodule V/C of Q(C)/C
contains a unique socle generated by the image of t'% (here Q(C) denotes the quotient
field of C) . We set D = k[[t>, 1%, ¢17]].

(5,6,19):

01|23 |4

316|789

10 (11 [ 12 | 13 | 14

15116 | 17 | 18 | 19

Then, because (5,6,19) is not symmetric, we have H; 2 (5,6,19), whence 13 € H; or
14 € H;, because the socle of the D-module V/D is spanned by the images of 1% and 4.
We claim 13 ¢ H;. In fact, suppose 13 € Hy. Then, H; 2 (5,6,13) since (5,6, 13) is not
symmetric, so that 14 € Hy, because the socle of the k[[t*, %, t'3]]-module V/k[[t5, 5, t!3]]
is spanned by the images of ¢ and ¢! but 7 ¢ H,.

(5,6, 13):

0|1 (2|3]4

916|789

10 (11 12|13 | 14

1516 | 17 | 18 | 19

Therefore, Hy 2 (5,6, 13,14), whence H; = (5,6, 13, 14), because 7,8,9 ¢ H;.
(5,6, 13, 14):
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0O 1(2|3]4

216|789

10 (1111213 | 14

15116 | 17|18 | 19

This is impossible, since (5,6, 13, 14) is not symmetric. Thus, 13 & H;, so that 14 € H;
and hence H; = (5,6, 14), because 7,8,9,13 ¢ H;.
(5,6, 14):

0|1 (2|3]4

916|789

10 (1111213 | 14

15116 | 17 | 18 | 19

This is, however, still impossible, since (5,6, 14) is not symmetric. Thus, H; = (5,6) as
claimed. 0J

The following is the key in our argument.
Proposition 5.4. We have € # «, 3¢ = 2a, and B = a? — 2¢2.

Proof. Let
E=1"4+ it + cgt® +cot’ + -
with ¢; € k. We then have
cr=c—a, cs=a’—ca—Lf, cg=2abB+ca’—ecf —a’,

since g = f€. Let us write £2 = t5p + t'h) with ¢,9 € B and let

v = Z%ti and ¢ = Zwiti
=0 i=0

with ¢;,1; € k. Then, comparing the coefficients of ¢ (5 < i < 14) in both sides of the
equation

(tﬁ + C7t7 + C8t8 + Cgtg + - )2 = t5' Z gOth + tll' Z wltz,
i=0 i=0
we have p; =0 for all 0 <7 <5 and

pe+ =0, pr=1 ps=2(c—a), py=¢e’—dea+3a”—20.
Hence
0= pt® +1" +2(e — a)t® + (6 —dea + 3a® —28)t? +--- .

We now compare ¢ with

we = 4,06t6 + (e — a)t7 + 906(042 — o — B)t8 + v6(2a5 + e —¢eff — a3)t9 4+
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and considering the coefficients of ¢* (7 <7 < 9) in the difference ¢ — €, we get
1= pg(e—a),2(e—a) = ps(a® —ca—f),e> —dea+3a* - 28 = ps(2af +ca’ —f —a?)
because 7,8,9 ¢ H; = (5,6). The first two equalities imply that
e#a and = -2+ 3ca — o2,

and because

1 .
e —dea+30® — 28 = ——(2aB + ca® — eff — ),
£E—«

we have
3e® — 8c%a + Tea? — 20° = (¢ — a)?*(3e — 2a) = 0.
Thus
3e =2a and = —2¢? +3ea — o = a? — 22
as claimed. 0J

Theorem 5.5. If ch(k) =2, thene =0, a #0, B =a? andy=a’.

Proof. 1t suffices to show that v = a”. We choose elements ¢ = > pit', ¢ = 372 it
of A where ¢;,1; € k, so that

#)  g°= o+ fou.

Compare the coefficients of {t'}51<;<g0 in both sides of Equation (#). Then, since g =
26 + 733 we get the following table.

Monomials | Equation ¢? = f?¢ + fgv Results
! 0=pu+vs
7 [1=sa G=ou=1
> 0= pna’ +a’ys
o 0=0
£ 0= @15 + pua’ P15 = o
¢ 0 =16+ ¥10 Y10 = P16
7 0 = @150° + b1 + 1o
¢ 0 = @160° + athiy + 1o + ¥5(7 4+ 7) = athyy + é(T +7) Y= T;r—zv
t> 0=a'ois+ o’ +1as =a’ + o> 47l =a’+4|y=0d"
t% 0 = 587 4 a0 + L165° @20 + P18 = =

The third column of the table consists of the results of computation of the coefficients

©i,¥; and eventually shows v = a. -

We finish the case where ch(k) = 2.

Corollary 5.6. Let Y4 denote the set of Ulrich ideals of A which possess the data (a,b) =
(20,26). Assume that ch(k) = 2. Then
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Proof. Let o, 8,7 € k,a # 0 and let f = 20 4+ at?! + 22 4+ o"t¥7 + 633, g = %6 + 733,
We set I = (f,g). Thanks to Theorem b3, it suffices to show I € X4. Since A/I = I/(f)
by Lemma 52 (1), it is enough to show g* € (f?, fg). Notice that the table (#) given in
the proof of Theorem B3 actually shows that if we set

o= lt” NEPN: S L Ltm and o) = lt5 + ltlo n T+ a7t117
Q@ % a a3 a2
we then have
g° = fro+ fgy mod t*V,
which implies g* € fI, because t*V = fc¢ and ¢ C I by Lemma b2 (1). O

Example 5.7 (cf. Theorem E3). Let I = (#2° + ¢*' 4 22 + 7 ¢%6). Then [ is an Ulrich
ideal of A if and only if ch(k) = 2.

Proof. 1t is enough to prove the only if part. Suppose that I is an Ulrich ideal of A and
consider £ = % = porpigpre- We then have

E=t0 T+ — 10412 2B 1 p

with o(p) > 14. Therefore

92

7
which forces that —2 = 0, because g€ € I and 39 ¢ H. Hence, ch(k) = 2. O

€= 132 433 4 435 436 4 438 0439 4 426,

6. THE CASE WHERE H = (5,11), (a,b) = (20,26), AND ch(k) # 2
Let a, 8,7,0,e,7 € k and let
F=t2 4t 4 B2 4t 4 615 g = 12 4 et 4,
We assume that ¢ = f2p + fgip for some p =Y oo pit' 0 = > 2 hit" € A (4, ¢; € k).

Then, comparing the coefficients of {t'}o<;<eo in both sides of the equation

=D et + fg Y uit',
=0 =0

we have 1y = 0, 99 = p5 = @19 = 0 and the following table (#).

Monomials | Results
o1 0 =15+ 11
£52 1= (e + a)s + 20011 = (e — a)ys
103 2e = Y5(ca+ B) + 1128 + a?) = Ys(ea — B — a?)
o1 e = U5-eB8 + 21108 = w5ﬁ(€ - 20&)
£5° 0= 15+ 1132
¢ 0 = @16 + Y1520 + P19
57 0 =11 + 1o(e + @) + p16-2a + p15(a” + 23)
o8 0= 11(e + @) + Yio(ae + B) + Us(T + ) + 16(a® + 28) + 2aBp15 + 27011
t%9 27 = i1 (ae + B) + YroBe + Ps(ey + a7) + 16208 + 9156° + 1120y
760 26T = Bethir + 5-BT + pa0 + 1652 + 267911

Hence, we have the following.

Lemma 6.1. ¢ # a, ¢5s = ==, Ys(ca —  —a?) = 2¢, and 55(c — 2a) = £
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We now furthermore assume that ch(k ) # 2 and that € # a, 3¢ = 2, and 8 = a® — 2¢°.
We then have € # 0, = %5, and = i Therefore, thanks to the table (#), we see

2
o1 = —Ys = g
1
Y15 = —gé’i?’
3
Y16 = §54—¢10
1 25
Y = 55%0—55

where the last equality follows from the comparison of the coefficients of #*”. Hence,
considering the coefficients of t°%, we get

27— ) = 3% — e

while we have by the coefficients of ¢% that

Therefore, we get the following.

Proposition 6.2. Assume that ch(k) # 2 and that ¢ # «, 3¢ = 2, B = o — 2¢%. Then

we have . 5
-
Y .
v T % 1o = 5 et 5

Hence, 11 = 8e® — 5, 16 = —Let + 5, and a0 = e7 + $Leb.

We are now ready to finish the case where ch(k) # 2. Our conclusion is the following.

Theorem 6.3. Let Y4 denote the set of Ulrich ideals of A which possess the data (a,b) =
(20,26). Assume that ch(k) # 2. Then

3 1
Vo= { <t20 + Set?t 4 222 4 (27 —

2 4

T8¢ N2 4633, 126 + 227 4 Tt33)

5,5,T€k,65£0}.

Proof. Let a, B,7,0,e, 7 € k and let

If (f,g) is an Ulrich ideal of A, then by Proposition B2 we have ¢ # a, 35 = 2a and
B = a® — 2¢2. Therefore, it follows from Proposition 52 that v = 27 — 2%
ch(k) # 2.

Conversely, let I = (f,g) where f = 20 + 3et®' + 12?4 (27 — 2xe")t*" + 0% and
g =t + et?" + 733 with 6,e,7 € k. Let

9 1 85T 17 _
N L B L 416 420
$ c FR R i GRETE L

2 15 8T 95 At
_ 4 9.4 ST 40 P s AT\
4 £ * ( 2 ° 53) * 32° T 2

2€ e”, because
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Then the table (#) shows that
9> = Y@+ fg mod t°'V.

On the other hand, by Lemma 52 (1) we have ¢ = t1°V C I. Hence, t°V = fc C fI,
so that ¢> € (f?, fg). Thus, I is an Ulrich ideal of A by Lemma BE2. This completes the
proof of the case where ch(k) # 2. O

Let us give a brief note about the proof of Theorem B

Proof of Theorem Bl. Thanks to Corollary BB, we may assume that ch(k) # 2. Let
a, B,7,0,e, 7 € k such that

55
(C1) e#a, 3¢ =2a, B=a®—2, 7:27_3887'

Then, setting ¢’ = %5, we have ¢ # 0 and
(Co) e=2¢, a=3¢, B=¢7 v=2r—55"
It is certain that once we choose §,&’, 7 € k so that €' # 0 and set €, a, 3,y like Condition
(Cs), the elements «, 3,7, 0,¢, 7 € k satisfy Condition (C;) required in Theorem B3, and
therefore (120 4 3¢t?" 4 1?2 + (21 — 55 )27 + 6133 126 4 2177 + 7133) € X,
Let us check the second assertion. Let

fo= 043t + 272 + (21 — 55 )T + 5t

g = t¥+42et¥ + 1t%

f1 = t20 + 3€1t21 + 812t22 + (27’1 — 55517)t27 + 51t33,

g = t26 + 261t27 + T1t33.

where 0,¢,7,d1,e1, 71 € k such that € # 0,e; # 0, and assume that I = (f,g) = (f1, g1).
We then have
3(e —e )t + (2 — e )2 + {2(r—7) - 55(e” — 617)} 2T (6 =033, 20—t + (-t e I

Therefore, since the images of 21,122 #*7 ¢33 form a part of a k-basis of A/I as is shown
in the proof of Lemma b2, we readily get 6 = 0, 7 = 7. We have ¢ = g1, because
3(e —e1) = 2(e — 1) = 0. This finishes the proof of Theorem Bl O

Corollary 6.4 ([2]). The ring A contains no Ulrich ideals generated by monomials in t.

Corollary 6.5. Let f = t20+4 321 + 12 +~t2" +6t33 and g = 125+ 26>+ 733 with v, 0,7 € k
such that v = 21 — 55. Then, I = (f, g) is an Ulrich ideal of A in any characteristic.

Corollary 6.6. Suppose that ch(k) = 3 and let f = t?° + %22 + 27 + 5t and g =
126 + et + 733 with €,7,8 € k such that € # 0 and v = 27 +¢&". Then I = (f,g) is an
Ulrich ideal of A. In particular, (t*° + t22, 1% + 27 + ¢33) € X,.
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